For the Lie algebras L\(H(2)) and L\(W(2)), we study their infinitesimal deformations and the corresponding global ones. We show that, as in the case of L\{W(\)), each integrable infinitesimal deformation of L\(H(2)) and L1(W/(2)) can be represented by a 2-cocycle that defines a global deformation by means of a trivial extension. We also illustrate that all deformations of L\{H{2)) arise as restrictions of deformations of L1(H/(2)).
Introduction
The investigation of deformations of nilpotent subalgebras L\ (A) of graded infinite-dimensional Lie algebras A is a new area of research. In the well-known work [1] , A. Fialowski presents a complete description of the deformations of L\(W(\)), the nilpotent part of the Witt algebra. This and similar works like [2] and [3] show that the properties of deformations of nilpotent parts are completely different from those of the corresponding graded Lie algebra. Usually A is rigid while L\(A) has several nontrivial deformations which have a fairly simple algebraic description. Often the integrable infinitesimal deformations, these are the ones that can be extended to a global deformation, can be represented by a cocycle for which the Lie square equals zero. So, this cocycle defines a global deformation by simply putting the coefficient of tp in the deformed commutator equal to zero for all p > 2. We call this a trivial extension, as it means that the infinitesimal deformation is already a global deformation.
Our object is to investigate the deformations of Ll(H(2n)), the nilpotent subalgebra of the Lie algebra of polynomial Hamiltonian vector fields in (2«)-dimensional space, and L\(W(m)), the nilpotent subalgebra of the Lie algebra of polynomial vector fields in «i-dimensional space. In this paper, the cases « = 1 and m = 2 are studied. With the help of the Feigin-Fuks spectral sequence we compute infinitesimal deformations of these two Lie algebras. Necessary conditions for their integrability will be derived, and we shall prove that these conditions are also sufficient by constructing global deformations with the prescribed infinitesimal parts. We show that in all cases this can be done by means of a trivial extension, and that these global deformations are unique up to a transformation. Most interesting in the results concerning L\(H(2)) isthat all its deformations as well as their realizations can be regarded as restrictions of deformations and realizations of L\(W(2)).
DEFINITIONS AND PRELIMINARY REMARKS
For the reader's convenience, we include here some definitions and remarks concerning deformations of Lie algebras. We assume that the reader is familiar with cohomology of Lie algebras (see, e.g., [6] ). For deformations of a Lie algebra L, the cohomology of L with coefficients in the adjoint representation is important. These cohomology groups are denoted by Hq(L; L) (q = 0, \ ,2, ...).
A should be a Lie algebra. The requirements that the deformed Lie product should be bilinear and anti-symmetric is reflected in tpn e C2(L; L). The requirement that Jacobi's identity should be satisfied for the coefficient of tn leads to + <Pj(<Pi(y Az)Ax) + <pj((pi(z A x) A y).
We will call M(fi, cpj) the product of <p¡, tp¡, and M(cp\, cp\) the Lie square of tp\, and M(tp\, tp2) the Massey cube of q>\ . From equation (1), one can see several things. The first is that d ((pi) -0, so that tp\ € Z2(L; L). This tp\ is called the infinitesimal part of the deformation. Now for trivial deformations one can prove that cp\ e B2(L; L). Hence, to study the possible interesting infinitesimal deformations, one needs to calculate H\L;L). This is always the basis for constructing (nontrivial) deformations. However, not every infinitesimal deformation tpx can be extended to a deformation (said differently: can be integrated). For this, one needs to find a sequence (tpn) (n = 2, 3, ... ) satisfying equation ( 1 ) . This is a difficult problem. For example, suppose tp i is given. Then one tries to construct tp2. For this, one needs M(cpi, (pi ) = 0 as an element of H3(L ; L). In this case we say that the product is trivial, and the obstruction is solvable. If so, d ((p2) is fixed, but there is still freedom in <p2 itself. This freedom cannot be fixed: <p2 appears in all next equations of (1), and depending on the choice of (p2, these equations may or may not be solvable. Moreover, different choices of q>2 may lead to different deformations which cannot be transformed into one another. This happens for sure when for two extensions (<p") and (q>'n) with (pm = tp'm for m = 1, 2,...,/-1, we have that tp¡ -(p\ is nonzero as an element of H2(L ; L). Conversely, if tpm = (p'm for m = 1, 2, ... , i -1 and (p¡ -(p'¡ is zero as an element of H2(L; L), then one can find a transformation such that (p¡ = (p\. Hence one can try to match ((pn) and (<p'") recursively.
In the sequel we will do the following. We will find infinitesimal deformations for H(2) and W (2) and check in what cases these infinitesimal deformations can be extended to a deformation. At first we will satisfy ourselves with the construction of one such an extension; at the end of the paper we will show that this leads to all homogeneous deformations.
Deformations
of Li(H (2)) 2.1. The cohomology space H2(Li ; Li). We consider H(2), i.e., the Lie algebra of polynomial Hamiltonian vector fields on the plane. This Lie algebra is isomorphic to the Poisson algebra <C[p, q] modulo its center. An isomorphism can be given by mapping pkqe e C[p, q] to kpk~xqtdq -£pkqe~ldp 6 W(2).
For the sake of convenience we shall make no distinction between these elements. So we view H(2) both as a Lie subalgebra of W(2) as well as a quotient algebra of the Poisson algebra. A basis of this quotient algebra is given by {pkqe \k + £>0; k,£>0}, and the commutator satisfies
On H(2) there exist two gradings, which are denoted by deg (degree) and wg (weight). With respect to these gradings the monomials are homogeneous: deg(pkqe) = k + £ -2 and v/g(pkqe) = k -£ . For all k in Z we define Lk = Lk(H(2)) to be the Lie subalgebra of H(2) generated by the elements of degree greater than or equal to k . The two gradings on H(2) induce a bigraded structure on the cohomology groups. Let H^d w)(Li ; Li) be the cohomology group of cocycles c such that We shall discuss deformations of the nilpotent Lie subalgebra L\. For computational reasons we need to restrict ourselves to the investigation of deformations of Li that are homogeneous with respect to the degree and weight. The computation of Hh w)(L\ ; Lj) can be performed by using the Feigin-Fuks spectral sequence. The initial term is (see also [4] We did not investigate the case d > 0. The motivation for this is that, since H(2) is rigid, we do not expect nontrivial deformations of positive degree to be present.
Global deformations.
For the case d = -2, it turned out that the Lie square of the cocycles is nontrivial. Hence there is no global deformation corresponding to these cocycles. Let us consider the case d = -1. Since w = 3 and w = -3, respectively w = 1 and w = -1, convert to each other after interchanging p and q , we consider only w = 1 and w = 3 .
Case 1: w=l. The cohomology space H?_x x)(Li ; L\) is generated by C\, c2 and Ci with and b¡ = pq2 >-> (p dp + q d¡¡).
The fourth candidate, d(<?3 h-> #2), is linearly dependent in H?_x X)(L\ ; L¡). This follows from the following observation. We take a e C®_x X)(Ll; H(2)) given by a = \ >-> p and compute
By applying the coboundary operator d and using d2 = 0, we obtain
This expresses the linear dependency in H?_x ,,(L| ; Li). For the linear combination c = a\C\ + a2c2 + «3C3 we calculated the obstructions. The Lie square is trivial for all values of the parameters, but the Massey cube is trivial only if a2 = 0 or if a\ = -a3. The first case, a2 = 0, describes a plane of cocycles that obviously have a trivial extension. It has the following geometrical interpretation. Define (p : L\ -► Lq by (p = id -tb with b = a\ (pq2 »-> pq) + r*3 (pq2 i-> (p dp + q dq )). For all values of a\ and a3, (p(L\) is a subalgebra in L0 , and one easily verifies that the deformation given by c for a2 = 0 can be written as The second plane is generated by the cocycles c\ -c?, and c2. Instead of c2 we choose a different representative, namely c2 = d(b2), witĥ
Note that (b2 -b2) e C1 (Lt ; L\ ), so that c2 and c2 are indeed cohomologous. We prove that the Lie square of c2 is equal to zero, and that the product of c2 and c\ -c-¡ equals zero. From this, the cocycles in the second plane also define a global deformation by means of a trivial extension. In order to prove that M(c2, c2) = 0, one just has to check several cases. Here we only write out two of them; all other cases can be handled similarly. First we write down the nonzero actions of c2 :
We consider the cases (ii) {M(c2,c2)(pq( ApqmApq")
The proof of M(c2, C\ -Cy) = 0 is much simpler. We note that for all monomials x t¿ pq2 we have (c, -Cs)(pq2 A x) = (deg(x)+wg(x)) • x . Since the monomial pq2 cannot arise from c~2(x A y), we only need to consider With this, the proof is complete.
Case 2: w=3. The cohomology space H?_x 3)(Li ; Li) is generated by c4, es and Ce, with
Again, one sees that c¡ = d(b¡), with b4 = qi^pq, b5=pq2^p2 and b6 = q3 >-> (pdp + qdq ).
The Lie square of c = a4c4 + a¡cs + a^Cf, is trivial, but the Massey cube is trivial if and only if one of the following conditions is satisfied: There are two cases to be considered, of which we only write out the first. This is the case with £ , « and / odd in \M(c, c)(pkqe Apmq" Apsq') = (2k(n-\)-2m(£-1) + n -£)c(pk+mqe+"-3 Apsq')
+(2m(t -1) -2s(n -1) + t -n)c(pm+sqn+'-3 Apkql) -(2k(t -1) -2s(£ -1) +1 -£)c(pk+sqe+'-3 Apmqn) = \{(2k(n -1) -2m(£ -1) + « -£) •(2(k + m)(t -1) -2s(£ + n-4) + t-£-n + 3) +(2m(t -1) -2s(n -I) + t -n) •(2(m + s)(£ -1) -2k(n + t-4)+£-n-t + 3) -(2k(t -I) -2s(£ -\) + n-£) ■(2(k + s)(n -1) -2m(£ + t-4) + n-£-t + 3)}pk+m+sqt+n+t-6
= 0.
The proof of M(c, c4 -3C(,) = 0 is similar to the proof of M(c2, C\ -c$) = 0 ; it boils down to wg(c) + 3deg(c) = 0. This completes the proof that the cocycles in the second plane define a global deformation by means of a trivial extension. One can easily check that the elements in the third plane also have a trivial extension.
There is a geometrical description for the deformations given by the cocycles that belong to the first or third plane. Let (p : Li h-> Lq be (p = id -tb, with b = q3 •-» (a4 pq + a6(p dp + q dq )) + a5 (pq2 i-> p2). Clearly, <p defines a linear embedding of Lx into L0. We demand (p(L\) to be a subalgebra in Ln ; this is a necessary and sufficient condition for (p to be the realization mapping of an embedded deformation of L\ . There is only one commutator that needs to be checked: (2)) 3.1. The cohomology space H2(L\\Li). Here, W(2) is the Lie algebra of polynomial vector fields on the plane. As in the previous section, we use the coordinates p and q. A basis for W(2) is {pkqedp, Pkqedq, k,£ > 0}. On W(2) there also exist two gradings; these are similar to the gradings of H(2). The gradings are given by deg(pkqedp) = de%(pkqedq) = k + £ -1, v/g(pkqedp) = k -£ -1 and wg(p*qldq) = k -£ + 1. Again, we define Lfc = Lk(W(2)) to be the Lie subalgebra generated by the elements of degree greater than or equal to k, and we investigate homogeneous deformations of £,,.
Our first task is to compute H2d w)(Lx ; L\ ). From [6] we know that tih.(L\ ) / 0 can only occur if de {-2,-3}.
Hence, by using the Feigin-Fuks spectral sequence, we conclude that Hh m\(L\ ;L{) = 0 for all d < -2. On account of the rigidity of W (2) The Lie square of c = a\C\ + a2c2 + a^ci + a4c4 is trivial if
(1) a2 + 2a| =0 or (2) 2a4 -a3 + a2 -2a\ = 0 .
In the second case the Massey cube is also trivial; however, in the first case there are additional constraints. There are two possibilities:
(l.i) a, =a2 = 0, (l.ii) 2c*4 -c*3 -2a| = 0. If these conditions are fulfilled (l.i or l.ii or 2), then the fourth Massey power is also trivial. So there appear to be three options for integrable infinitesimal deformations. We will show that in all these cases there exists a cocycle with a trivial extension.
For case (l.i) and (2) there is a geometrical description. Define tp : L\ >-> Lq by (p = id -tb, with b = a\b\ +n2b2 + a^by + a4b4 , and demand (p(L\) to be a subalgebra in Ln . There are two compatibility conditions:
[<p(pqdp), <p(q2dp)] = [pqdp -a\tpdq , q20p -a3tpOp -a4tqdq] = -qidp +/((-2«i + n4)pqOp + a\q2dq) + /2a,(-a3 + n4)pdq £ (p(L\).
So, Q](2q4 -«3 + a2 -2«|) = 0. Next, [(p(q2dq) , (p(q2dp)] = [q20q -n2tpdq , q2üp -aitpöp -a4tqOq] = 2qidp + t(n4 + (n)q20q -2ta2pqdp + t2<*2{-<n + (u)püq <= <p(L\).
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use So, q2(2q4 -c*3 + Q2 -2a\) = 0. The compatibility conditions coincide with the conditions of (l.i) and (2), so these cases describe embedded deformations. It is interesting to compare these results with the results for Li(H(2)). To distinguish Lk(H(2)) from Lk(W(2)), we write Lk for Lk(H (2) Case 3: w=l. The cohomology space H?_x X)(L\ ; L{) is generated by c¡ (1 < i < 6) with [ci(p2dpApkqídp) c{ (p2dpApkqldq) c2(pqdqApkq'dp) c2(pqdqApkqídq) c3(pqdpApkqedp) cí(pqdpApkqedq)
c4 (q2dqApkqldp) c4 ( In both cases, 02 = 0. This is precisely the compatibility condition of §2.2. It is obvious that the restriction of the deformations of case (2) are not interesting, since ai = a2 = a3 = 0. The deformations of Li given by the first plane (see case 1 in §2.2) arise as restrictions of the deformations of L\ described by (!)• In the third case (a\ = a5 = a6 = 0), there is a three-dimensional space of cocycles spanned by C3, c4 and c = c2 -c^ -2c4. Instead of c we take the representative c = d(b), with b = -2j2 qn+2dq ~ pqndp + £(« -l)(qH+idq -> qndq + qn+ldp h» q"dp) The products M(c,c), M(c,ci), M(c,c4), M(c-$,ci), M(ct,,c4) and M(c4, c4) are 0, so we have a three-dimensional space of cocycles that define global deformations by means of a trivial extension. We can restrict these deformations to Li. The restriction of b equals b2 of case 1 in §2.2, and the restriction of Q3C3 + a4c4 equals 5(203 -Q4)(ci -C3). Hence, the deformations of Li corresponding to the special plane given in case ( 1 ) are also just the restriction of deformations of L\ .
Conclusion
We determined all infinitesimal deformations of L{(H(2)) and L\(W(2)), and moreover investigated which of the homogeneous infinitesimal deformations can be integrated. In case that it can be extended, we gave a possible extension. The question arises, whether to any infinitesimal deformation there are two nonequivalent extensions. As said before in § 1, this can happen if at some point in the two extending series (<p2, tpi, ...) and (<p2, <pi, ... , (p,-\, <p'i, <P'i+\, ■■■), <Pi and (p\ are noncohomologous. Since we assume deformations to be homogeneous, we have that de%(q>¡) = i deg(^i). Hence we can conclude that the deformations of L\(W(2)) are unique (up to a transformation) since H2(L\(W(2))\ L\(W(2)) is only nonzero in degree -1. For L\(H(2)) there could be branching of the deformation in the term tp2, since H2(L\(H(2));L\(H (2)) is nonzero at degree (-1 and)-2. Comparing weights, one sees that only for degree -1 and weight 1 can there be problems. However, one can prove that a term <p2 which is nonzero in H2(L\(H(2))\ L\(H(2)) leads to a real obstruction.
In conclusion, we can state that the constructed homogeneous deformations of L\(H(2)) and L\(W(2)) are indeed all homogeneous deformations of negative degree. In this sense, this study is unique.
